Abstract. We study the homotopy category K(Inj A) of all injective modules over a finite dimensional algebra A with discrete derived category. We give a classification of the indecomposable objects of K(Inj A) for any radical square zero self-injective algebra A. In particular, every indecomposable object is endofinite.
Introduction
For a finite dimensional algebra A over a algebraically closed field k, we investigate the homotopy category K(Inj A) of all injective A-modules. By [23] , we know that K(Inj A) is compactly generated triangulated category. The subcategory of compact objects in K(Inj A) is triangle equivalent to D b (mod A), the bounded derived category of finitely generated A-modules. Thus we can think of K(Inj A) as a 'compactly generated complete' of D b (mod A). The category K(Inj A) is also very complicated in general. Only in some special cases, every object in K(Inj A) can be expressed as direct sum of indecomposable objects.
We focus on the algebra A with discrete derived category D b (mod A) [29] and try to understand the category K(Inj A). An algebra A with discrete derived category has a rather simple derived category D b (mod A). We expect that K(Inj A) is easy to control in this case.
For every radical square zero self-injective algebra A, it has a discrete derived category. We know that every basic radical square zero self-injective algebra A is of the form kC n /I n , n ≥ 1, where the quiver C n is given by with relations I n = α 2 . Let ModÂ be the stable modules category of the repetitive algebraÂ of A. We study the category K(Inj A) using the fully faithful triangle functor F : K(Inj A) → ModÂ constructed in [24] . There is no explicit description of this functor; in particular, we do not know its image. For symmetric algebras we find another embedding which has an explicit expression. By this new embedding, we are able to describe the image of the indecomposable objects in K(Inj kC 1 /I 1 ) and then extend to general cases. This leads to a full classifiction of indecomposable objects in K(Inj A) for radical square zero self-injective algebras A.
Our main result is the following. 
with differential d j : I j → I j−1 being composite of I j → I j / soc I j ∼ = rad I j−1 ֒→ I j−1 . Moreover, all indecomposable objects are endofinite.
The paper is organized as follows. In section 2, we give some background materials about derived discrete algebras, compactly generated triangulated categories and quiver representations. In section 3, we give the classification of the indecomposable objects in the homotopy category K(Inj A) for A self-injective and radical square zero. In section 4 we describe the Ziegler spectrum of K(Inj A) for radical square zero self-injective algebras A.
Preliminaries
2.1. Derived discrete algebras. Throughout the paper, we fix the field k to be algebraically closed. For an algebra A, let D b (mod A) be the bounded derived category of mod A. For a complex X in D b (mod A), we define the homological dimension of X to be the vector h dim(X) = (dim H i (X)) i∈Z , where dim H i (X) is the dimension vector of A-module H i (X). There are some algebras with this property that there are only finitely many indecomposable objects in the derived category with the some homological dimension [29] .
Following [3] , we call the algebra A derived discrete. Let Ω be the set of all triples (r, n, m) of integers such that n ≥ r ≥ 1 and m ≥ 0. For each (r, n, m) ∈ Ω consider the quiver Q(r, n, m) of the form
y y r r r r r r r r r r n − 1
The ideal I(r, n, m) in the path algebra kQ(r, n, m) is generated by the paths α 0 α n−1 , α n−1 α n−2 , . . . , α n−r+1 α n−r , and let L(r, n, m) = kQ(r, n, m)/I(r, n, m).
It is an easy observation that gl. dim L(r, n, m) = ∞ for n = r. 
A is tilting-cotilting equivalent to L(r, n, m), for (r, n, m) ∈ Ω.
From this proposition, we only need to consider the algebras of the form L(r, n, m) when we consider the algebras with discrete derived categories.
2.2.
Compactly generated triangulated categories. Definition 2.3. Let T be a triangulated category with infinite coproducts. An object T in T is compact if Hom T (T, −) preserves all coproducts. The category T is called compactly generated if there is a set S of compact objects such that Hom T (T, Σ i X) = 0 for all T ∈ S and i ∈ Z implies X = 0.
Now we assume that T has infinite coproducts. One can show that the category of all compact objects are closed under shifts and triangles. Thus the full subcategory T c of compact objects in T is a triangulated category.
Lemma 2.4. [25, Lemma 3.2] Let T be a compactly generated triangulated category with S a generating set. If R is a full subcategory containing S and closed under forming infinite direct sums,then there is a triangulated equivalence R ∼ = T .
For an algebra A, Mod A denotes the category of all A-modules, and Inj A is the category of all injective A-modules. The unbounded derived category D(Mod A) is compactly generated. Its full subcategory of compact objects is K b (proj A), the full subcategory of perfect complexes. The homotopy category K(Inj A) of Inj A is compactly generated [23] . There is a characterization of the subcategory of compact objects in K(Inj A).
Proposition 2.5. [23, Proposition 2.3] If
A is a finite dimensional k-algebra, then the category K(Inj A) is compactly generated, and there is a natural triangle equivalence
Definition 2.6. The repetitive algebraÂ of A is defined as following, the underlying vector space is given byÂ = (⊕ i∈Z A) ⊕ (⊕ i∈Z DA) denote the element ofÂ by (a i , ϕ i ) i , almost all a i , ϕ i being zero. The multiplication is defined by
commutes. Sometimes, we write (
Let ModÂ be the category of all leftÂ-modules, and modÂ be the subcategory of finite dimensional modules. They both are Frobenius categories. Thus the associated stable categories ModÂ and modÂ are triangulated categories. Moreover, modÂ is the full subcategory of compact objects in ModÂ.
Happel introduced the embedding functor D b (mod A) → mod A [15] , and the functor was extended to K(Inj A) → ModÂ of unbounded complexes in [24] .
Proposition 2.7. [24, Theorem 7.2] There is a fully faithful triangle functor F which is the composition of
The functor F admits a right adjoint G which is the composition
2.4. Radical square zero algebras. In [2] , there is a connection between an artin algebra A with rad 2 (A) = 0 and a hereditary algebra with radical square zero, where rad(A) is the Jacobison radical of A, denoted by J. Now, assume A ′ is any artin algebra, thus the algebra A = A ′ /J ′2 is a radical square zero algebra. We can associate a hereditary algebra A s = ( A/J 0 J A/J ) with radical square zero to A [2] . The radical of A s is rad(A s ) = ( 0 0 J 0 ). Let Q be a quiver with vertex set Q 0 = 1, 2, . . . , n, the separated quiver Q s of Q has 2n vertices 1, . . . , n, 1 ′ , . . . , n ′ and an arrow l → m ′ for every arrow l → m in Q. 
The functor S has some nice properties , which could be generalized to all modules, see [2, Chapter X] Moreover, the functor S induces a stable equivalence,
Let Q be any quiver, and V be a representation of Q, we define the radical Rad V of V to be the subrepresentation of V with (Rad V ) i = α:j→i Im V α , and Rad n+1 = Rad(Rad n V ). From this definition, V / Rad V is semisimple. The Jacobison radical rad V of V is the intersection of all maximal subrepresentations of X,and rad n+1 = rad(rad n V ). In general, rad V is a subrepresentation of Rad V , but if Rad n (V ) = 0 for some n ≥ 1, then rad V = Rad V . If a bounded quiver (Q, I) does not infinite length path, then Rad m V = 0 from some m ∈ N. The representation V is called radical square zero if Rad 2 V = 0. When we consider radical square zero representations of a quiver Q, it is equivalent to consider the module category Mod kQ/R 2 Q , where R Q is the ideal generated by all arrows.
There is another version for this correspondence via quiver representations [19] . There are two functors
and
which are defined as follows: Given a representation X of Q, let ( 3. The category K(Inj A) of radical square zero self-injective algebra A
We have known that K(Inj A) is compactly generated triangulated category with
When we consider the homotopy category K(Inj A) for A derived discrete, we only need to consider the algebras of the form L(r, n, m), by Proposition 2.2. In particular, we consider the quiver C n as following, 
with relations I n = α 2 . Set A n = kC n /I n . The algebra of the form A n is selfinjective and Rad 2 A n = 0. There is a characterization of these algebras in [2, Chapter IV, Proposition 2.16].
Lemma 3.1. Let A be a basic self-injective algebra which is not semisimple. Then Rad 2 A = 0 if and only if A ∼ = A n for some n.
The algebra A n = kC n /I n is derived discrete algebra, since it is the derived discrete algebra L(n, n, 0) which occurs in Proposition 2.2. Let I j , j ∈ [1, n] be the indecomposable injective modules of A n , and I
• be the periodic complex with I 1 in the degree 0,
where the differential d j :
Define a family of complexes I l,m = σ ≤m σ ≥l I • , where l ≤ m ∈ Z ∪ {±∞}, where σ is the brutal truncation functor [30, p9] . In this section, we will prove the following result: 
Classification of indecomposable objects of
. Given an algebra A, the trivial extension of A is the algebra T (A) = A ⋉ D(A) = {(a, ψ)|a ∈ A, φ ∈ D(A)}, where the multiplication is given as following:
T (A) is a Z-graded algebra, namely as vector space we have T (A) = (A, 0) ⊕ (0, D(A)), and the elements of A ⊕ 0 (resp.0 ⊕ DA) is of degree 0 (resp. degree 1).
The trivial extension T (A) of a finite dimensional algebra A is a symmetric algebra. Since there is a symmetric bilinear pairing (−, −) :
. This correspondence gives an equivalence of these two categories.
Lemma 3.4. Let A be a finite dimensional k-algebra, them there is an equivalence of categories ModÂ ∼ = Mod Z T (A).
We already know the relations between D b (mod A) and modÂ, which extends the embedding mod A → modÂ. Now if the algebra A is a symmetric algebra, then we can build some special relations between the complex category of A-modules C(Mod A) and ModÂ.
If A is a symmetric algebra, we have that
we can naturally view the complex as a Z-graded T (A)-module ⊕ i∈Z X i with the morphism
Morphisms of complexes correspond to homomorphisms of Z-graded T (A)-modules. Therefore, we have an embedding functor S :
In this case, the functors S and U are equivalences between C(Mod A) and Mod Z T (A). By the equivalence ModÂ ∼ = Mod Z T (A), we transform the complexes in Mod A to theÂ-modules. For any algebra A, the category ModÂ is a Frobenius category and the complex category C(Inj A) with the set of all degree-wise split exact sequences in C(Inj A) is also a Frobenius category. All indecomposable projective-injective objects in C(Inj A) are complexes of the form
where I is an indecomposable injective A-module. The associated stable categories are ModÂ and K(Inj A) respectively. If A is a symmetric algebra, then C(Inj A) is a full exact subcategory of ModÂ, i.e. C(Inj A) is a full subcategory of ModÂ and closed under extensions.
Lemma 3.6. Let A be a symmetric algebra, the equivalence C(Mod A) → ModÂ restrict to the embedding Ψ : C(Inj A) → ModÂ is an exact functor. Moreover, the embedding induces a bijection between the indecomposable projective-injective objects in C(Inj A) and ModÂ.
Proof. To show the embedding is an exact functor, it suffices to show C(Inj A) is a full exact subcategory of ModÂ. It is obvious that C(Inj A) is closed under extension and the conflations of ModÂ with terms in C(Inj A) split. Thus the embedding is a fully faithful exact functor. Now, we consider projective-injective modules in ModÂ ∼ = Mod Z T (A). Let e 1 , e 2 , . . . , e n be the primitive idempotents of A, and 1 = n i=0 e i be the unit of A. Let E i (e j ) be the 'matrix' with (i, i) position is e j , and the other positions are 0. Then {E i (e j )} i∈Z,1≤j≤n are all primitive idempotents ofÂ.
All indecomposable projective-injectiveÂ-modules are of form
Since A is a symmetric algebra, every indecomposable projective-injective module in ModÂ is of the form
The indecomposable projective-injective (associated with the exact structure) objects in C(Inj A) are of form Proof. Firstly, the embedding preserves projective-injective objects by Lemma 3.6. We only need to show that there exists an invertible natural transformation α : ΨΣ → ΣΨ by [16, Chapter 1, Lemma 2.8]. For any object X ∈ C(Inj A), there is a exact sequence 0 → X → I(X) → ΣX → 0. By the fact Ψ(X) ∼ = X and Ψ(I(X)) ∼ = I(Ψ(X)), it is natural that ΨΣX → ΣΨ(X).
When we consider the algebra Λ = k[x]/(x 2 ), the embedding Ψ : C(Inj Λ) → ModΛ induces a fully faithful triangle functor Φ : K(Inj Λ) → ModΛ, since it is a symmetric algebra. In the following, we will show that the relation between indecomposable objects of K(Inj Λ) and radical square zero representations of quiverQ ofΛ, and determine all indecomposable objects in K(Inj Λ).
The algebra Λ is the path algebra of the quiver Q = • . . .
with relations α 2 = 0 = β 2 , αβ = βα.
, as above,Q be the quiver of the repetitive algebraΛ. The image of indecomposable objects in K(Inj Λ) under Φ can be expressed as radical square zero representations ofQ.
Proof. The objects X in K(Inj Λ) are of form, (Λ, Λ) .
In particular, if the complex X ∈ K(Inj Λ) is indecomposable, we can choose that every entry d . . .
where g 0 is the k-th row of d 0 , g 1 is the canonical projection on the j-th component, f 0 is the embedding to the k-th component and f 1 is the j-th column of d 0 . We can check that the morphism f g : X → X is idempotent, and gf = id Y . Thus f g splits in K(Inj Λ) since K(Inj Λ) is idempotent complete. That means the complex X has a direct summand of form Y which is null-homotopic.
We know that Λ as a Λ-module corresponds the quiver representation k 2 ( 0 1 0 0 ) f f , thus we assign the homomorphism x to the morphism of representations
Under the embedding functor Φ : K(Inj Λ) → ModΛ as in Proposition 3.7, the complex 0
which is a projective-injectiveΛ-module. LetΛ be the factor algebra ofΛ modulo its socle [28] . The algebraΛ has quiverQ and with relations α 2 = 0 = β 2 and αβ = 0 = βα. Every indecomposableΛ-module without projective summand could be expressed as an indecomposableΛ-module. Thus for any indecomposable complex
Φ(X ′ ) ∈ ModΛ could be expressed as an indecomposableΛ-module. It naturally corresponds to a radical square zero representation ofQ.
From the quiverQ ofΛ, we know that the separated quiverQ s is of type A ∞ ∞ with the following orientation 
Proof. First, we have that any k ab is indecomposable. If a=b, obviously k aa is a simple representation and indecomposable, denoted by k a . If a = b, we assume that a < b. If k ab = V ⊕ V ′ , where V and V ′ are nonzero. Then (suppV ) 0 ∩ (suppV ′ ) 0 = ∅. There exists a vertex i ∈ (suppV ) 0 , and i + 1 or
Second, we need to show any indecomposable representation is of form k ab . Suppose we have a indecomposable representation V = (
then V is the direct sum of simple modules. Since V is indecomposable, we have that V ∼ = k a for some a ∈ Z.
If |(supp V ) 0 | > 1, then supp V is connected. Suppose V has the following form
Now if all non-zero f i are bijections, then V has the form k ab for some a, b ∈ Z ∪ {+∞, −∞}. Since we have the following isomorphism of representations,
Thus the lower representation can be decomposed as copies of the corresponding k ab , and V must be isomorphic to k ab . Actually, all non-zero f i are bijection. If there exists some f i which is not an isomorphism. Without loss generality, we assume that f 0 is not injective. In this case, V 1 has a decomposition V 1 = Im f 0 ⊕ Ker f 0 and Ker f 0 = 0. We can choose a basis {e i } i∈I of Ker f 0 and {e ′ j } j∈J of Im f 0 such that {e i } i∈I {e ′ j } j∈J is a basis of V 1 and f 1 (Im f 0 ) f 1 (Ker f 0 ) = 0 (f 1 is not zero, otherwise there is a non-zero direct summand Ker f 0 of V ).
Consider the map f 1 : Im f 0 ⊕Ker f 0 → V 2 . If Ker f 1 = 0, we get Ker f 0 Ker f 1 = 0, otherwise the intersection will be a non-zero direct summand of V with support containing only one vertex. We denote f 1 (Ker f 0 ) = V ′ 2 , the subspace spanned by the vectors in f 1 (Ker f 0 ) and the complement of V
. If f 12 = 0, then we already have a decomposition. If f 12 = 0, then we can choose a suitable basis of V 2 such that f 12 = 0. In precisely, If f 12 (e
then replace e ′ j by e ′ j − i∈I ′ (e i ), and we have f 12 (e ′ j − i∈I ′ (e i )) = 0. Repeat this procedure, we get a new basis of Im f 0 such that f 1 can be expressed as
We can choose the corresponding basis of V 2 such that
Thus we have the following representation isomorphism
Now we have a nonzero direct summand of V as follows,
It is contradict with that V is indecomposable.
Use the same argument we can show that if f 0 is not surjective, then there also is an nonzero direct summand of V .
Given a representation of Q, we can decompose it as direct sum of indecomposable representations by the procedure and each indecomposable representation has endomorphism ring k. By Krull-Schmidt-Azumaya Theorem [1] , this decomposition is unique.
, Q be the quiver of Λ, andQ be the quiver of Λ. Then every indecomposable object in K(Inj Λ) corresponds to an indecomposable representation ofQ s .
Proof. By Proposition 3.8, the functor Φ sends every indecomposable object in K(Inj Λ) to a radical square zero representation ofQ. From Proposition 2.9, there exists a bijection between radical square zero representations ofQ and separated representations ofQ s = A ∞ ∞ . We denote by I
• Λ the following acyclic complex in K (Inj Λ) . . .
For any m, n ∈ Z ∪ {+∞, −∞}, n ≥ m, we denote the truncation σ ≤m σ ≥l I
• Λ by I Λ m,n . Now we give the main result in this part. 3.2. Proof of the main result. Covering theory has many applications in representation theory of finite dimensional k-algebras. Now, we use the covering technique to classify all indecomposable objects of K(Inj A) for radical square zero self-injective algebras A.
Let π : (Q ′ , I ′ ) → (Q, I) be the covering of bounded quiver (Q, I). π can be extended to a surjective homomorphism of algebra π : kQ ′ /I ′ → kQ/I. We set that A ′ = kQ ′ /I ′ and A = kQ/I. This induces the push down functor
In general, let G be a group, and A = ⊕ g∈G A g be a G-graded algebra. We define the covering algebraÃ associated to the G-grading as follows [8, 26, 14] :Ã is the G × G matrices (a g,h ) , where a g,h ∈ A gh −1 and all but a finite number of a g,h are 0. ThenÃ is a ring via matrix multiplication and addition. Set E = {e g } g∈G , where e g is the matrix with 1 in the (g, g)-entry and 0 in all other entries. Proposition 3.12. [8, 26] Let G be a group and A = ⊕ g∈G A g is a G-graded algebra. The covering algebra of A associated to the G-grading isÃ. ThenÃ is a locally bounded k-algebra. Moreover, the category of finitely generated graded A-modules mod G A is equivalent to modÃ.
The forgetful functor F λ : mod G A → mod A is the functor sending X to X, viewed as an A-module. This functor is exactly the pushdown functor F λ : modÃ → mod A. The functor F λ is exact [13, Proposition 2.7] . By the exactness of functor F λ , we have the induced functor F λ :
between the corresponding derived categories. Lemma 3.13. Let G be a group andÃ be the covering algebra associated to a G-graded algebra A. Then the forgetful functor F λ : modÃ → mod A induces a triangle functor
.
where the functor can : mod A → D b (mod A) is the canonical embedding functor. Now, assume that the group G is finite, A is a G-graded algebra and the induced action of G on Q A is free , B is the covering algebra associated to the group G. Then the covering functor B → A induces a covering functor between the corresponding repetitive algebrasB →Â. The forgetful functor F λ : modB → modÂ induces a functor F λ : modB → modÂ. Consider the full embedding i Λ : mod Λ → modΛ for any algebra Λ, we have
Given an algebra A, there is the Happel functor F A : D b (mod A) → modÂ embedding the derived category to the stable module category of the repetitive algebra. For the covering of algebras B → A with group G, using induction on the length of complexes in
The following result is a consequence of [5, Lemma 4.5] or follows directly from Lemma 2.4.
Lemma 3.14. Let F, G : T → S be two triangle functors preserving coproducts between two k-linear compactly generated triangulated categories. If there is a natural isomorphism F (X) ∼ = G(X) for any compact object X ∈ T c , then F ∼ = G.
We summarize the above construction. For an algebra A, Let Proposition 3.15. Let G be a finite group, A be a G-graded algebra and B be the covering algebra of A associated to G. Let the functors F A , F B and F λ be as above. Then we have that
The given diagram restricted to the subcategory of compact objects is commu-
⊂ ModÂ. By Lemma 3.14, we only need to show L 1 and L 2 preserves coproducts. By the properties of functors F λ and F , we know that L 1 and L 2 preserves coproducts.
Consider the quiver C n as the beginning of this part. There is a quiver morphism π : (C n , I n ) → (C 1 , I 1 ) by π(i) = 0, i ∈ [1, n], and π(α) = α. In order to understand A n -modules, we need to study the representations of the quiverĈ n . Proposition 3.16. Consider the covering of bounded quivers π : (C n , I n ) → (C 1 , I 1 ), let (Ĉ n ,Î n ) and (Ĉ 1 ,Î 1 ) be the repetitive quivers of (C n , I n ) and (C 1 , I 1 ) respectively. Then (Ĉ n ,Î n ) → (Ĉ 1 ,Î 1 ) is a covering of bounded quivers with group G = Z n .
The repetitive quiverĈ n of C n is given by the following infinite quiver:
. . . V V r r r r r r r r r 8 8 ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ x x r r r r r r r r r ▲ ▲ ▲ ▲
x x
We label all the original arrows in quiver C n as α and all connecting arrows (i.e dash arrows) as β. The relationÎ n is generated by all the possible α 2 , β 2 and αβ = βα. The path algebra of quiver (Ĉ n ,Î n ) is the repetitive algebraÂ n of A n .
Indecomposable objects in ModÂ n can be expressed as the indecomposable modules ofĀ n , which is the factor algebra ofÂ n modulo its socle [28, 10] . More precisely, the algebraĀ n is given by the quiverĈ n and relations α 2 = 0 = β 2 and αβ = βα = 0, which is radical square zero.
Proposition 3.17. Let A n = kC n /I n be the algebra as above. Every indecomposable object in K(Inj A n ) corresponds to an indecomposable module ofĀ n .
Proof. The fully faithful embedding F : K(Inj A n ) → ModÂ n identifies K(Inj A n ) with a localizing subcategory of ModÂ n . Thus every indecomposable object can be viewed as an indecomposable object in ModÂ n under the functor F . It is suffice to consider the indecomposable objects in ModÂ. We know that twoÂ n -modules M, N , are isomorphic in ModÂ n if and only if there exist projective-injectiveÂ nmodules P, Q such that M ⊕ P ∼ = N ⊕ Q. Furthermore, the indecomposableĀ-modules are just the non-projective indecomposableÂ-modules. It follows that indecomposable objects in ModÂ n corresponds to indecomposable modules ofĀ n . Lemma 3.18. Let F λ : ModÂ n → ModÂ 1 be the forgetful functor induced by the covering of bounded quivers π : (C n , I n ) → (C 1 , I 1 ). If X is an indecomposable module in ModĀ n , then the module Y = F λ X is indecomposable in ModĀ 1 .
Proof. SinceĀ n is a radical square zero algebra, therefore there is an bijection between indecomposable modules in ModĀ n and indecomposable modules in ModĀ s n , whereĀ s n is the separated algebra ofĀ n by Proposition 2.8. The separated quiver C s n of (Ĉ n ,Ī n ) is just the union of n-copies of quiver A Proof. By Proposition 3.15, we have 
is decomposable in ModÂ 1 . This is a contradiction. Now, we can give a proof of the main result.
by Proposition 3.11. From Proposition 3.19, this implies that X is decomposable in K(Inj A n ) . Thus X ∈ K(Inj A n ) is indecomposable, we have that F λ (X i ) is either A 1 or 0 for any i ∈ Z. It follows that X i is either I k or 0 for some ≤ k ≤ n and any i ∈ Z.
Consider homomorphisms between indecomposable injective A n -modules I j for 1 ≤ j ≤ n, we have that
where d j : I j → I j−1 is the composition of I j → I j / soc I j ∼ = rad I j−1 ֒→ I j−1 . From this, the periodic complex I • defined by the following with I 1 in the degree 0,
and its shifts I • [r] for r ∈ Z are exactly the unbounded indecomposable complexes in K(Inj A n ). Moreover, I
• [r] = I • [r + n] for r ∈ Z. Assume that X ∈ K(Inj A) is indecomposable and bounded below but not above, i.e there exists l ∈ Z such that X p = 0 for all p ≥ l and X q = 0 for all q < l . With out loss generality, let X l = I 1 , we have that X = σ ≥l I
• . In general, X is of the form σ ≥l (I 4.1. Ziegler spectrum of triangulated categories. Let Mod T c be the category consisting of all contravariant additive functor from T c to Ab, the category of all abelian groups. It is a locally coherent Grothendieck category [17] . Moreover, the objects of form Hom(−, X) for X ∈ T c are projective objects. The subcategory Denote A m,n , A −∞,n , A m,+∞ be the complexes with A in degree m(resp.− ∞, m) to n(resp.n, +∞) and the differential is d : A → A, a → xa. We know that the non zero morphism between complexes in K b (inj A) is the linear combinations of the forms:
